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Abstract:  The Nash Equilibrium has received quite a bit of attention during the last few years.  This attention comes in part from Sylvia Nassar’s thoughtful book, “A beautiful Mind” and Brian Grazier’s motion picture, which was based on Nasar’s book with Nash being played by Russell Crowe. While the movie treatment really has very little to do with the actual Nash Equilibrium, it gives us some insight into the trickle-down effect of successive simplifications of John Nash’s work.  In this paper I use the Nash equilibrium, and perhaps more importantly the complex dynamics of learning the Nash Equilibrium as a jumping off point to explore non-linear and quantum computation.
Introduction:

The Nash Equilibrium is a much discussed, deceptively complex, mathematical landmark arrived at through a process of rigorous constructive proof as shown in John Nash’s May, 1950 doctoral dissertation at Princeton University, entitled “Non-Cooperative Games.”
  In business and economic settings, calculating the Nash Equilibrium is often an important element of strategy or pricing.  However, in almost all cases, only a very small number of the elements which define a Nash equilibrium in the scientific sense are left out of the explanation of what a Nash Equilibrium is.  Admittedly, most business and economics students really would not have the interest in acquiring the mathematical tools necessary to understand the Nash Equilibrium, and in many cases, simply invoking the Nash Equilibrium in an anecdotal or metaphorical sense may be all that is needed for the task at hand.  For example, a common metaphor used to explain the Nash Equilibrium to the non-specialist is to say that “a Nash equilibrium occurs whenever you have a strategy which cannot be dominated by any other strategy but which itself cannot dominate any other strategy.”  The following example illustrates the ways in which John Nash’s work is commonly simplified in order to provide an easily grasped heuristic, or a working metaphor:


A Nash equilibrium (formulated by John Nash ) is best described in words as a set of best strategies chosen by one player in response to the strategies chosen by the other players. Axelrod gives a mathematical definition of a Nash equilibrium of a game in terms of the normal form of the game. Gintis talks about a specific kind of Nash equilibria called a pure strategy Nash equilibrium where every player uses a "pure" strategy. Gintis doesn't say what he means by a "pure strategy," stating only that a pure strategy is not necessarily a dominant strategy, and then presents many examples of games where one can find a pure Nash equilibrium (but he leaves it up to the reader to figure out what that Nash equilibrium is), such as chess. (It is my guess that a pure strategy is one where the payoffs are the highest, but the dominant strategy may not lead to the best payoffs). In fact, any game with perfect information (such as chess, because two players move, but there are no outside factors such as Nature), has a pure strategy Nash equilibrium (proved by Harold Kuhn in 1953). 


The critical distinction which is missing from this explanation of the Nash Equilibrium is that it is not truly “best described” as such (had that been the case, either John Nash would not have received the Nobel Prize for his work, or conversely every third professor would be receiving a Nobel annually) but rather for the layman, who intends no deeper study of the Nash Equilibrium this is one of the best ways of simplifying an explanation of Nash’s work.  This paper is an attempt at moving a bit away from both the limited understanding of the Nash Equilibrium which is frequently invoked in the business school or micro-economics classroom setting, as well as explaining the linkages between several different strands of research which are all related both to the Nash Equilibrium and to one another, in most cases, in ways which may not be intuitively or immediately obvious.
Chaos, Complexity and the Rock-Paper-Scissors Game

In 2002, three researchers at the Santa Fe Institute undertook a novel analysis of the Nash Equilibrium, the results of which were presented in a paper entitled “Chaos in Learning a Simple Two Person Game.
  This group, composed of Yuzuru Sato, Eizo Akiyama and J. Doyne Farmer (who will be referred to subsequently as the “SAF” group).  This group began by attempting to develop an explanation of the mechanics of how players would learn to play the Nash Equilibrium strategy in the apparently simple game of Rock-Paper-Scissors.


Their starting might best be characterized as “the foundations of rationality”.  While much of game theory and many game theoretic tools have been designed to deal with bounded rationality among various economic actors, particularly those in principal-agent relationships, there is generally a presumption of underlying rationality in the decisional calculus.  Another way of defining this has been termed “instrumental rationality”, where in neo-classical microeconomics analysis at the level of the individual presumes “instrumentally rational utility maximizing actors”.  Richard Rumelt, Steven Postrel and others have explored many of the problems which are inherent in such models.
 


One of the most famous examples is Rumelt’s “flaming trousers conjecture” in which he argues that as long as one can control the payoffs in the various matrices of a game theoretic set, it is always possible to “rig” a deterministic outcome which is fundamentally nonsensical in nature.
  In this case Rumelt argues that one can always construct a series of payoff matrices under which the dominant strategy is for bank presidents to set their pants on fire.  One can even construct a Nash Equilibrium for this kind scenario, run it through a non-iterated prisoner’s dilemma and then further extend it to an N-Player game.  Drawing on McCain’s definition of the Nash Equilibrium: “If there is a set of strategies with the property that no player can benefit by changing her strategy while the other players keep their strategies unchanged, then that set of strategies and the corresponding payoffs constitute the Nash Equilibrium”.
  In this particular case, the reason one doesn’t actually observe bank presidents setting their pants on fire is because as long as no individual bank president actually lights the match, there is presumably no payoff for any other bank president to do so.
  


This situation is very much reminiscent of the deterrence theories of the Cold War era.   So long as each side shows a “seamless web of credible commitments”.  And as long as this is combined with the threat of mutually assured destruction (“MAD”), it can be presumed that neither side will initiate a hostile nuclear first strike against the other.  Just as in the original flaming trousers conjecture, various adjustments to the payoff matrices can be made in order to defuse first strike strategies based on command decapitation or an overwhelming disabling of the opponents ability to retaliate.  Again, of course, one must assume perfect, or near perfect rationality by the major actors, with the additional presumption that the Soviet Union and the United States could by various reductionist means be treated as players in a simple two person game.


Of course, even in the highly constrained game, once one bank president reaches for the matches, then in a bizarre analog of arms races or mobilization races, the highest payoff accrues to the bank president or group of bank presidents who light their pants on fire first!
  As nonsensical as some of these situations and their mathematical characterizations may appear at times, they have profound implications for the study of human behavior , particularly under conditions of conflict, uncertainty and strategic interaction, whether that be the behavior of individual decision makers, corporations, strategic alliances, business groups or economic trading blocs.  When the central strategic issue is the signaling of the information which determines the actual structure of the payoff matrices, as is the case in competitive intelligence, then the uncovering of a dominant strategy, such as “tit-for-tat” in the iterated game
, or the Nash Equilibrium in either the iterated or non-iterated game interaction becomes critical.

Learning to Play the Nash Equilibrium Strategy in a Simple Game


However, as Sato, Akiyama and Farmer found empirically, and others have argued theoretically, bounded rationality leads to structures vastly different than those predicted by either neo-classical microeconomics or game theory.
  The basic model used by Sato, Akiyama and Farmer (hereinafter referred to as the SAF team) was a generalized, iterated version of the well known “rock-paper-scissors” game.  The payoff matrix is extremely simple, with each player attempting to improve his or her overall score by changing the frequency of the three possible responses.
  Ceterus paribus, one would expect that in the iterated game, convergence to the Nash Equilibrium, at a relatively rapid rate, would be the expected outcome.


Quite contrary to this expectation, the SAF team found significantly different results, namely that:

1. The learning trajectory can either be simple or complex, depending on initial conditions.

2. For the non-zero sum case, the learning trajectory shows chaotic transients.


While the principal conclusion from these results by the SAF team was that “chaos provides an important self-consistency condition for determining when adaptive players will learn to behave as if they were fully rational”, in this paper we find the more significant aspect of these findings to be the mathematical structure of chaos itself under these conditions and the computational intractabilities which the superpositioning of a chaotic attractor over a Hamiltonian, heteroclinic dynamic imposes.  


The SAF team begins their explanation of the iterated rock-paper-scissors game within the well known structure of a Nash Equilibrium, with the classical simplifying assumption of perfect rationality.  In this case, convergence to the Nash Equilibrium is the expected, predictable outcome.  One can introduce a variety of complicating factors – skewness in the statistical population, arbitrary interruptions in the payoff cycle, etc.  However, these variables can be accounted for in a relatively straightforward fashion and the learning trajectory of the participants can be expected to be linear.

Some Problems With Various Theoretical Assumptions of Rationality


As Farmer notes, modern game theory has been forced to accept various forms of bounded rationality.  We nonetheless explore the problems of perfect rationality in the following section because there still remain important cases where perfect rationality plays a greater or lesser role in various game theoretic models.  W. Brian Arthur of the Santa Fe Institute and Martin Shubik of the Yale School of Management provide us with some interesting explanations as to why models using perfect rationality  may be inherently flawed. Arthur’s characterization in particular very neatly captures the global dilemma of deductive rationality: 

The type of rationality we assume in economics--perfect, logical, deductive rationality--is extremely useful in generating solutions to theoretical problems. But it demands much of human behavior--much more in fact than it can usually deliver. If we were to imagine the vast collection of decision problems economic agents might conceivably deal with as a sea or an ocean, with the easier problems on top and more complicated ones at increasing depth, then deductive rationality would describe human behavior accurately only within a few feet of the surface. For example, the game Tic-Tac-Toe is simple, and we can readily find a perfectly rational, Minimax solution to it. But we do not find rational "solutions" at the depth of Checkers; and certainly not at the still modest depths of Chess and Go. 

There are two reasons for perfect or deductive rationality to break down under complication. The obvious one is that beyond a certain complicatedness, our logical apparatus ceases to cope--our rationality is bounded. The other is that in interactive situations of complication, agents can not rely upon the other agents they are dealing with to behave under perfect rationality, and so they are forced to guess their behavior. This lands them in a world of subjective beliefs, and subjective beliefs about subjective beliefs. Objective, well-defined, shared assumptions then cease to apply. In turn, rational, deductive reasoning--deriving a conclusion by perfect logical processes from well-defined premises--itself cannot apply. The problem becomes ill-defined.


What is perhaps surprising about the SAF team study is that the expectation of perfect rationality breaks down in even as simple a game as the iterated rock-paper-scissors game. In the most general terms, we might refer to Arthur’s characterization of complicated interactive processes or “complicatedness” as similar to the phenomenon of turbulence.
  What the SAF team initially found was chaos, in the form of chaotic transients.  However even in its simplest form, the equivalent of the surface of Brian Arthur’s “ocean of decision problems” this chaotic structure exhibited a very high degree of complexity.  In many ways, one might argue that it more nearly resembles the complex dynamics of the onset of turbulence than the purely random (turbulent) outcomes to which Arthur and Shubik refer.   Shubik’s ingenious description, “almost any outcome can be enforced as an equilibrium by a sufficiently ingenious selection of strategies”
 – certainly seems to corresponds very closely to Arthur’s “world of subjective beliefs, and subjective beliefs about subjective beliefs” where “objective, well-defined, shared assumptions…cease to apply.”
  Yet, looking at the SAF team’s analysis of the results of the simplest rock-paper-scissors game, chaos appears surprisingly early and with amazing complexity:


The example we present here is the first to demonstrate chaos in a two person game, in which each player learns her own strategy.  We observe this for a zero sum game, i.e. one in which one player’s win is always the other player’s loss.  The observation of chaos is particularly striking because of the simplicity of this game.  Because of the zero sum condition the learning dynamics have a conserved quantity, with a Hamiltonian structure similar to that of physical problems such as celestial mechanics.  There are no attractors and trajectories do not approach the Nash Equilibrium.  Because of the Hamiltonian structure the chaos is particularly complex, with chaotic orbits finely interwoven between regular orbits; for an arbitrary initial condition it is impossible to say a priori which type of behavior will result.  When the zero sum condition is violated we observe other complicated dynamical behaviors such as heteroclinic orbits with chaotic transients.  As discussed in the conclusions, the presence of chaos is important because it implies that it is not trivial to anticipate the behavior of the other player.  Thus under chaotic learning dynamics even intelligent, adapting agents may fail to converge to a Nash Equilibrium.

The Complex Dynamics of Learning 

The SAF group’s finding is strikingly reminiscent of what Arthur refers to as non-ergodic economics.  Typically these are economic situations characterized by increasing marginal returns, with sensitive dependence on initial conditions and multiple, unpredictable unstable equilibria, some of which are sub-optimal.
  As Stanford economist Paul David relates this phenomenon, “A path­dependent sequence of economic changes is one of which important influences upon the eventual outcome can be exerted by temporally remote events, including happenings dominated by chance elements rather than systematic forces. Stochastic processes like that do not converge automatically to a fixed­point distribution of outcomes, and are called non­ergodic. In such circumstances "historical accidents" can neither be ignored, nor neatly quarantined for the purpose of economic analysis; the dynamic process itself takes on an essentially historical character.”
  


To move to a more concrete set of examples, Paul Windrum captures some of the complexity of the learning process applied business settings when he examines economic models of technological growth in a 1995 paper. 
  Highlighting another variation of “perfect rationality”, he points out that neo-classical models of learning have traditionally assumed not only instrumental rationality, but a single equilibrium market clearing price, the simplest, and most likely trivial case. .Following Richard Nelson and Sidney Winter’s analysis
,  he argues that “learning can be described as the ways in which firms build, supplement and organize knowledge and routines around their competence and within their different environmental cultures.” He defines competencies as “the focused combination of resources within a firm which define its business activities and comparative advantage.” Introducing the simplest level of system dynamics he notes that  “In the face of changing competitive environments, learning is an essential pre-requisite for adaptation and success.”  He goes on to argue in terms not dissimilar from those of Michael Porter,
 that the greater the degree of competitive and environmental uncertainty facing firms, the greater the pressure for innovation.” From here he moves to what Theodore Modis would characterize as the “Winter Season” or pre-exponential growth cycle of firm which Windrum labels as “Stage I” of the product life cycle.
  Windrum argues that this period in a firm’s history is particularly characterized by turbulent competitive environments which place the greatest degree of strain on a firm’s learning capacity if it is to survive.


Using a formal description developed by Richard Nelson and Sidney Winter, he describes the generalized learning process as “the ways in which firms build, supplement and organize knowledge and routines around their competencies and within their different environmental cultures.”
  Windrum focuses on the Winter/Nelson model because it was one of the first to use computer simulation in order to incorporate to a greater degree the complexities of firm learning in real (rather than ideal) environments and the particularly intense pressure of learning in situations where technological rivalry and innovation are critical to the survival and competitive positioning of the firm.  Perhaps the most important part of Windrum’s analysis and Winter and Nelson’s method, at least from the perspective of the current paper is the emphasis on dynamic modeling and the emergence of a characterization of learning as a complex process of adaptation.  In this context, local rules of behavior, genetic algorithms, time sensitive stochastic processes, and population replicator equations have generally proven more useful than the traditional concepts of perfect rationality, diminishing marginal returns and static, single point equilibria.

The Mathematical Modeling of Learning Behaviors—A Complex Trajectory Emerges


Not surprisingly, replicator equations played a significant role in the SAF team’s research.  They approach the subject by first noting that for some time it has been well known that chaos occurs in single population replicator equations.  They then apply this to game theory in the specialized context where both players are forced to use the same strategy, giving the example of two statistically identical players being repeatedly drawn from the same population.  They then apply this to the context of actually playing a game with two fixed players who evolve their strategies independently. The generalized dynamics of this system are shown in Appendix I.  In an exemplification of their findings, the SAF team then models a real-life competitive scenario where no strategy is dominant and there is no pure strategy Nash Equilibrium.  


For their example they use two broadcasting companies competing for the same time slot when the preferences of the audience are context dependent.   They then ask the following question: “Suppose, for example, that the audience prefers sports to news, news to drama and drama to sports.”
  If each broadcasting company must commit to their schedule without knowing that of their competitor, then the resulting game is of the type shown in Appendix I. 


The next step in the analysis is to show that the example given above fits the general case, where a tie is not equivalent for both players.
  The argument here is that no strategy dominates as long as the audience believes that within any given category one company’s programming is superior to the other.  Assuming that we are still looking at a zero sum game, then the size of the audience must be fixed and one company’s gain will be the other company’s loss.
  In this case the coupled replicator equations form a conservative system which cannot have an attractor.  The implications of this relationship are profound.
  In the most critical case, the system becomes non-integrable and as chaotic trajectories extend deeper into the strategy space, regular and chaotic trajectories become so finely interwoven that there is a regular orbit arbitrarily close to any chaotic orbit.  To exchange sides of the equation, calculationally, as values of є approach 0.5, any regular orbit is arbitrarily close to a chaotic orbit.  Not only is this in certain very fundamental ways computationally intractable, but it makes a shambles of any predictive methodology for system trajectories.  The SAF group then calculated Lyapunov exponents, which they treat as “the generalizations of eigenvalues that remain well defined for chaotic dynamics.”
  The graphic display of  values which fluctuate narrowly when the tie breaking parameter є = 0, show dramatically increasing elements of chaotic fluctuation at є = .25 and even more so at the maximum value of є = 0.5

Surprising Results


An interesting conclusion of the SAF group is that this game has an the possibility for an interesting mixed strategy Nash equilibrium when all responses are equally likely:  

x*1 = x*2 = x*3 =y*1 = y*2 = y*3 = 1/3.  While the authors argue that it is possible to show that the average of all trajectories has the same payoff as the Nash Equilibrium, the deviations from this payoff are so significant on any particular given orbit (and remember that as є > 0.5 any regular orbit is arbitrarily close to a chaotic orbit, rational, risk-averse

 agents, were they able to express the preference, would prefer the Nash Equilibrium.f

The SAF team found another interesting and unexpected result in the learning patterns when their trajectories approached the heteroclinic pattern in the zero sum game.
  The first interesting result is that players switched in a well defined order among their strategies varying play from rock to paper to scissors.  Players were found under these conditions to spend time near each pure strategy with frequency increasing linearly time.
  


An interesting contrast was that with a moderate change in variables (єx +  єy > 0) the behavior is similar from a psychological point of view (the players gravitate increasingly towards pure strategies over time) however the mathematical behavior of the players is profoundly different.  In the first case, the trajectory is attracted to the heteroclinic cycle and while there are sharp peaks, they increase in a regular, linear fashion.
  In the second case the trajectory is a chaotic transient attracting to a heteroclinic orbit at the boundary of the simplex.
  


This is chaotic behavior in its strong form even in the simplest of games.  As the SAF team remarks, “the emergence of chaos in such a simple game demonstrates that rationality may be an unrealistic approximation even in elementary settings.”
  The authors illustrate how this kind of problem (chaos) in even simple game theoretic behavior may influence the behavior of agents, shedding some new light on the principal-agent problem.  They contrast the situation of regular learning with that characterized by  chaotic transients by examining agent behavior under both conditions.  In the first case, they argue that even the simplest or least competent of agents can exploit her adversary’s learning by even the crudest methods of approximation to improve her own performance.  This is more or less the classical assumption underlying evolutionary strategies in multiple iteration games or agent exchanges.
  Interestingly, the authors argue that chaos is actually an important self-consistency condition (although this might be an intuitive proposition for the experienced gamer, bargainer or negotiator, it certainly is not what drives the exceedingly complex mathematics of the learning dynamics in these simple games.
)  Following this line of argument, they contend that when the learning of a competing agent is too regular, it is too easy for an opponent to exploit this behavior by simple extrapolation.  On the other hand, having seen how far the mathematical complexity of chaos extends in even simple games, we can let the authors go ahead and guess the outcome which their paper proves, which is simply that “when behavior is chaotic…extrapolation is difficult, even for intelligent humans.”
  As the authors have already noted in detail, the Hamiltonian dynamics characteristic of this simple game situation are “particularly complex due to the lack of attractors and the fine interweaving of regular and irregular motion.”  They further note that “this situation is compounded for high dimensional chaotic behavior, due to the curse of dimensionality.  In dimensions greater than about five, the amounts of data an economic agent would need to collect to build a reasonable model to extrapolate the learning behavior of the opponent becomes enormous.  For games with more players it is possible to extend the replicator framework to systems of arbitrary dimension.”
  The SAF group concludes with the observation that “it is striking that low dimensional chaos can occur even in a game as simple as the one we study here.  In more complicated games with higher dimensional chaos, we expect that it becomes more common.”

The Complexity of Experience—What does it mean? What is it Good For?


So where does that leave the reader after fighting through the complexity of Hamiltonian dynamics, heteroclinic orbits, Lyapunov spectra, conserved phase space across pairwise conjugate coordinates, and four dimensional simplexes?  Should we simply throw up our hands in frustration having discovered that many of the simplest game theoretic characterizations of strategy and behavior involve calculationally intractable problems?  A look at some of the other work of the SAF team as well as recent work in quantum computing suggests otherwise.  There are a variety of methods for handling complex, multidimensional conceptual and calculational problems as the previous study at least hints at.  Even calculational intractability has particular defining characteristics which may prove to be less intractable under other conditions. Also the work of Farmer and others on modeling through the study of “local rules of behavior” may lead to ways in which even computationally intractable simulations can be employed at a local level of study. For example, we have the SAF team’s argument about chaos and self-consistency performing as a kind of strategic “protective coloration” in a competitive bidding environment.


Certainly, it is a discovery of major scientific importance that complex chaotic dynamics can be found in even the simplest of systems.  Taken from the standpoint of competitive strategy, this finding should provide encouragement for researchers to discover applications and to build strategies which take advantage of these newly discovered systems properties.  At least one area in which useful applications could be developed is in competitive intelligence where market entry behavior, product development and investment allocation are often heavily dependent upon an accurate reading of the signals provided by competitors.  As we have argued elsewhere, a game theoretic treatment of information relevant to competitive behavior can be a powerful foundation for competitive intelligence, informing strategic decision making.
  The insights provided by the SAF group suggest that considerably more attention needs to be focused on adaptive strategies in a competitive environment and that the process of adaptation is far more complex than most previous studies suggest.


Competitive intelligence may be a particularly rich field for the application of complex game-theoretic dynamics, particularly the dynamics of strategic learning, because such activity takes place in an environment characterized by limited information which drives the behavior of competing agents in a fashion which in many cases is nearly identical to the learning dynamics of the “rock-paper-scissors” game discussed by the SAF team.  In the context of competitive intelligence theory, the discovery of hitherto unsuspected complexity in the learning of simple games, reinforces our earlier conclusions that the structure of any realistic competitive intelligence system must be formal rather than the kind of “ad hoc” structures which currently dominate the practices which fall under the competitive intelligence rubric.
  


In the larger arena of competitive strategy in general, the SAF team’s findings have equally profound implications for the discovery of previously unrecognized or even unsuspected characteristics in agent-based models.  Their findings suggest that, depending on the particulars of the given situation, there may be a variety of strategies for exploiting this new set of dynamics, particularly when such dynamics are not easily visible (i.e. low market transparency) or are poorly understood by competitors.  Similarly, the explicit recognition of these new complexities may also allow the implementation of formal systems which allow more sophisticated players to avoid wasting time or allocating resources in trying to construct predictions or predictive strategies in areas which are either inherently impossible to predict or calculationally intractable.  

Complexity and Computing


While Farmer has taken an applied approach to modeling markets through agent based models, his colleague Yuzuru Sato, along with Makoto Taiji and Takashi Ikegami has been exploring non-linear computing methodologies which indicate the possibility that some currently intractable problems can be made calculable and tractable through the introduction of non-linear, complex computing architectures.
  For purposes of convenience, this group of authors will subsequently be referred to as “the Sato group”.


The basic proposition of the Sato group is quite theoretical.  In the abstract of their study they explain that they are studying a dynamical systems based model of computation.  In technical terminology, they follow earlier research which demonstrated that “any Turing machine is equivalent to a class of 2-dimensional piecewise-linear maps (Generalized shifts, GSs) which can be embedded in smooth flows in R.”
 The Sato group’s research is designed to expand on this research by demonstrating the computational ability of non-linear mappings.  Their most basic argument is that “there exists a switching map system with two types of Baker’s map to emulate any Turing machine.”
  Switching map systems are introduced by the group with the argument that “if defined on the space R, they can be a model of real number computation, while if the space is restricted to the set of the dyadic rationals with finite binary expansions, it is a model of classical computation.”
  They then go on to explain some of the properties of their non-linear dynamical computing system (italics added):


We suggest that other types of nonlinearity mappings can also be components of ‘natural’ effective procedures from the dynamical systems point of view.  Taking mappings with second order non-linearity (e.g. the Hénon map) as elementary operations, it is expected that the switching map system will show a new model of computation with non-linearity as an oracle.  We call this ‘nonlinear computation’ here.  We show that the power of the oracle is PSPACE under the condition that unrestricted usage of mod-operations or bitwise Boolean operations would be allowed.  It is also expected that the computational power of the switching map systems consisting of polynomial mappings with rational coefficients is between class RP and PSPACE…On the one hand it is remarkable that recursive application of simple nonlinear functions with mod-operations or bitwise Boolean operations results in far stronger computational power than traditional Turing machines.  On the other hand, these dynamical systems execute more unstable computation than that of classical Turing machines, which implies the existence of a tradeoff principle between the stability of computation and computational power.


A critical tie between this group’s work and Sato’s work with Farmer and Akiyama is the demonstration of higher order of computational power.  While this demonstration is hardly unconditional (indeed it explicitly exhibits tradeoffs with computational stability) it does at least offer the hope of extending computational power to the point where some of the previously mentioned computationally intractable elements might become tractable.  Also, as we explore some of the recent research in quantum computing we suggest that some of the limitations of quantum computers, such as the problems which prevent the parallelization of simple staircase circuits in quantum computers
, might be overcome through the applications of nonlinear switching maps.


The second section of the Sato group’s paper is devoted to switching map systems and Turing machines.  They first lay out a series of switching maps which can both be set to a zero state and then through a process of substitution of initial values apply the function map of the uniquely determined state space pair to determine successive functional forms.  They then argue that the switching function combined with a suitable branching function can be regarded as a program, and its trajectories as a process of computation.  The structure of the switching map system’s attractors correspond to the output results.


Interestingly, the Sato group notes that “since we can use periodic orbits or attractors as output results, the halting states are not always required”, with their own favored attractor being the attractor of Hénon.  Within this dynamical systems framework, the Sato group is able to treat the process of computation as a systems dynamic.  In that context, they then interpret the dynamical characteristics of the system in terms of its dimensionality and topological structure from a computation point of view.  It is from this dynamical systems analysis that they are able to both demonstrate higher order computational power along with conjoint problem of increasing computational instability.


Using the Baker’s map as a substitute for Smale’s topological horseshoe map in a 2-dimensional discrete dynamical system on a unit space [0,1] and [0,1], the Sato group then models Turing machines with N internal states.
  In the process they build a theorem and a proof (see Appendix V) which allow them to map any Turing machine, with all its state transitions as well as the halt state via their switching map system Φ.  The Sato group’s third section focuses on the technical aspects of using complex mappings and switching map systems that can act as recognizers for formal languages in the Chomsky hierarchy, and then compares them to classical automata.  While this is interesting work in its own right, it is largely peripheral to our concerns with overcoming computational intractability in game theoretic modeling.  There is, however, one part of this section which does have some bearing on the computing power argument , which is central to our modeling concerns.  After the Sato group demonstrates the ability of complex mapping architectures to perform various tests, such as the parity check, the parenthesis check and the primality check they use the mapping function F (B0-1, B1) to theoretically construct a universal Turing machine.  


While they actually illustrate a Universal Turing Machine (UTM)  discovered by Minsky using different processes, they argue that “obviously its dynamical structure is far different from the emulated one’s” (i.e. Minsky’s UTM) “but we can ‘trace’ the orbits of the emulated dynamical systems with an adequate sampling for the time series.”


What is important about this UTM emulation is that it is a discrete step towards building the computational power necessary to resolve present computational intractabilities.  The authors explain the function of the UTM and its language below:

The accepted language belongs to the class of Universal Language (UL) (or recursively enumerable set) generated by an unrestricted grammar.  This dynamical system can ‘emulate’ arbitrary 2-dimensional discrete dynamical systems consisting of computable functions.  Each dynamical system described by a switching map is embedded as an initial value.  Any non-trivial question about this dynamical system, such as sensitive dependency, measures of the basin of attraction, and dimensions of attractors are undecidable due to Rice’s theorem.


Previously we have adopted Baker’s maps for the elementary operations of Turing machines.  However, we can also take other types of nonlinear mappings as ‘natural’ elementary operations from the dynamical systems point of view. Taking second order non-linear mappings (e.g. Hénon maps) instead of Baker’s maps, it is expected that switching map systems can show a new model of computation with the nonlinearity as an oracle.


The Sato group then proceeds to discuss the mathematics of replacing  Baker’s maps with Hénon maps, which is central to their entire endeavor (increased computing power).
  To drive this process, they use a series of simple theorems to exploit the properties of Hénon maps in order to create potential new nonlinear Turing machines and develop the basis for nonlinear computation with its concurrent increase in computational power.


The group then proceeds through a process of computational testing with the nonlinear mappings that follows the earlier testing of the Baker’s mappings.  Where the first group of mappings undertook the comparatively trivial task of parity checking, the Hénon switching map system is used on a considerably more difficult computational task, density estimation.  This is a program which computes the density ls of the given input value x, which the Sato group names a “density estimator”.  Where the parity check merely a test of odd or even values, the density estimator stores the absolute number of ls and then divides it by the total bit length, and outputs the density of ls at each of the time steps.


An even more impressive task is the use of a the Hénon map switching system parity checker to measure fractal bifurcations and recognize different languages based on its ability to distinguish multiple basins of attraction from one another.  One of the more interesting results of the nonlinear parity-checker test was the demonstration of multiple levels of complexity in the mapping relationships of the Hénon map switching system:


The ranges of Hénon mapping corresponding to the chaotic case do not always correspond to the chaotic case of the parity checker with a Hénon map and vice versa.  Even a simple network of switching makes the periodicity and the bifurcation more complicated than those of the single Hénon map.  The attractors and the basins of attraction correspond to the output results, the accepted languages, and the operation transition as the automata.  Increasing the control parameter a, the structures gradually change to work as a different type of computing machineries.


The details of this comparative increase in computing power are shown in a complex series of mathematical proofs which make up the remainder of section four.  The authors summarize the most important aspect of these proofs by noting that:

…In terms of computational complexity, and with the assumption that the nonlinear operations are executable within one step of the computation, we can show that the computational power of switching map systems is greater than that of Turing machines.  It is proved by embedding a random access machine with multiplication (MRAM) into a switching map system with (3-dimensional) nonlinear operations.  MRAM is one of the second class of machines described by the models of weak parallel computation and its computational power is greater than that of Turing machines.  We denote the MRAMs with extended instruction Q as M(Q) and the class of the languages accepted by the polynomial-time bounded machines M is denoted PTIME(M) we also denote PTIME(F) for polynomial-time bounded switching map systems…

Again following a detailed array of proofs and theorems, the Sato group explains the meaning of their results:


These results are not trivial, because we can give examples of dynamical systems with PSPACE computational power applying a complex mapping in polynomial time.  It is thought that the emulation of the masking maps with the Baker’s map in polynomial time means P=PSPACE in terms of computational theory.


There remain, however, some genuine difficulties with nonlinear switching map systems, particularly the tradeoff between power and stability alluded to in the opening of the Sato group’s paper.  This is perhaps best explained by their treatment of the use of random oracles to construct computational spaces of higher dimension:


It is known that, given random oracles, P=RP=BPP.  If we could use chaos with an initial condition with finite precision, as a ‘perfect’ random oracle, there exists a (deterministic) switching map system F(B0-1,B1,I;ƒi) than can emulate probabilistic Turing machines with BPP computational power in polynomial time.  However, non-hyperbolic mappings have intrinsic statistical properties such as the non-exponential decay of correlations.  Thus, if we simply assume chaos as a source of random numbers, it does not work as a random oracle and its computational power would be lower than BPP.


The authors also acknowledge that “while masking maps can be allowed in logical systems, they would not be allowed in physical systems, since natural dynamical systems are smooth and continuous.”
  They also readily admit to the theoretical nature of their study and that this is largely a first cut at the logical architecture of computation with nonlinear switching systems and that the work of actually building such architectures and in solving more complex polynomial problems must be left for future work.  In a similar vein, they provide several cautions about the current feasibility of such architectures.  Much of this has to do with the effects of noise, which make nonlinear computation far more unstable than classical computation.
  Nonetheless, the authors do offer several intriguing areas for future study, all of which have the potential to develop systems which can solve problems not currently tractable.  Of particular interest are the following research suggestions from the Sato group:

1. It is thought that the non-hyperbolicity of dynamical systems can increase their computing power.  The notion of computational complexity class may be used for studies of non-hyperbolic dynamical systems.  The pseudo-orbit tracing property can also be analyzed with computation theoretic approaches. We can possibly define a new class of computational complexity based on dynamical systems and analyze chaos from a computation theoretic point of view.

2. The problem of deterministic chaotic maps has a complete solution at the statistical level., where the intrinsic probabilistic aspect of the dynamics is fully understood.  Thus we can investigate probabilistic Turing machines with our deterministic switching map systems based on chaotic maps.

3. Our model can possibly give a design principle of dynamical systems, and we can discuss their constructability. Studies on the construction of hyperchaos and hybrid systems would be related to these schemes.


While these are still exploratory suggestions, they do hold out several potential avenues for the development of more powerful orders of computational devices.  Several elementary quantum computing devices have already been constructed and the application of non-linear switching maps to quantum computing may produce a hybrid which would be one or more orders of magnitude more powerful than either system might be on its own.
  Already, a number of novel computing architectures have begun to emerge in quantum computing
, and in at least one instance quantum computing has been used to solve a previously intractable problem.


The switching problem arises directly out of the structure of complex computational architectures.
  In the case of the Sato team’s s complex witching map system there were tradeoffs between computational power and computational stability. Quantum computers have a similar problem where decoherence limits the number of steps a quantum computer can calculate reliably.
  Moore and Nillson suggest, first that a finer distinction can be made between some of the computational classes, namely that between P and the class NC of efficient parallel computation, there is a subset of P problems which can be solved by parallel circuits operating in polylogarithmic time.  They extend this analysis to argue that “NC problems are those solvable by Boolean circuits with a polynomial number of gates and polylogarithmic depth.”
  They then proceed to demonstrate a class of QNC problems (the class of quantum efficient parallel computation) which is achievable by a combination of circuits consisting of (a) controlled-not gates, (b) controlled (-shifts and Hadamard gates parallelized to logarithmic depth.
  While the inability to parallelize certain architectures, such as staircase circuits, limits the ability to perform some kinds of computations and means that QNC is a smaller class than all QP, their research nonetheless suggests that a wide range of currently intractable computational problems may perhaps be solvable in a limited number of steps on a parallelized quantum computer.


Joseph E. Traub and Henryk Wozniakowski, provide an even more powerful demonstration of quantum computing when they solve a previously intractable problem in, “Path Integration on a Quantum Computer”.
  What is perhaps most interesting about their findings is that a number of the variables which they examine have a relatively close relationship with the kinds of distributions which are found in time series analysis of stock market returns. At this early stage of research on quantum computing it is not yet clear whether all aspects of these ill-behaved distributions can be resolved through quantum computing.  However, the fact that path integration on a quantum computer can be solved exponentially faster on a quantum computer, given a worst case assumption
, provides some indication that this may be a fruitful line of inquiry.
Appendix I:  The Minority Game (Agent Based Modeling)


The minority game represents the opposite end of the spectrum. Despite its simplicity, it displays some rich behavior.  While the connection to markets is only metaphorical, its behavior hints at the problems with the traditional views of efficiency and equilibrium. The minority game was originally motivated by Brian Arthur’s El Farol problem. 
 El Farol is a bar in Santa Fe, near the original site of the Santa Fe Institute, which in the old days was a popular hangout for SFI denizens.  In the El Farol problem, a fixed number of agents face the question of whether or not to attend the bar. If the bar is not crowded, as measured by a threshold on the total number of agents, an agent wins if he or she decides to attend. If the bar is too crowded, the agent wins by staying home.  Agents make decisions based on the recent record of total attendance at the bar. This problem is like a market in that each agent tries to forecast the behavior of the aggregate and that no outcome makes everyone happy.


The minority game introduced by Damien Challet and Yi-Cheng Zhang is a more specific formulation of the El Farol problem.  At each timestep, N agents choose between two possibilities (for example, A and B). A historical record is kept of the number of agents choosing A; because N is fixed, this automatically determines the number who chose B. The only information made public is the most popular choice. A given time step is labeled “0” if choice A is more popular and “1” if choice B is more popular. The agents’ strategies are lookup tables whose inputs are based on the binary historical record for the previous m timesteps. Strategies can be constructed at random by simply assigning random outputs to each input (see Table A).  


Each agent has s possible strategies, and at any given time plays the strategy that has been most successful up until that point in time. The ability to test multiple strategies and use the best strategy provides a simple learning mechanism.  This learning is somewhat effective—for example, asymptotically A is chosen 50% of the time. But because there is no choice that satisfies everyone—indeed, no choice that satisfies the majority of the participants—there is a limit to what learning can achieve for the group as a whole.  


Table A. 

Example of a strategy for the minority game. The input is based on the attendance record for the m previous time-steps, 0 or 1, corresponding to which choice was most popular. In this case m = 2. The output of the strategy is its choice (0 or 1). Outputs are assigned t random.


When s > 1, the sequence of 0s and 1s corresponding to the attendance record is aperiodic.  This is driven by switching between strategies. The set of active strategies continues to change even though the total pool of strategies is fixed. For a given number of agents, for small m the game is efficient, in that prediction is impossible, but when m is large, this is no longer the case. In the limit N( ∞, as m increases there is a sharp transition between the efficient and the inefficient regime.


The standard deviation of the historical attendance record, σ, provides an interesting measure of the average utility. Assume that each agent satisfies his or her utility function by making the minority choice. The average utility is highest when the two choices are almost equally popular. For example, with 101 agents the maximum utility is achieved if 50 agents make one choice and 51 the other. However, it is impossible to achieve this state consistently.  There are fluctuations around the optimal attendance level, lowering the average utility. As m increases, σ exhibits interesting behavior, starting out at a maximum, decreasing to a minimum, and then rising to obtain an asymptotic value in the limit as m( ∞.  The minimum occurs at the transition between the efficient and inefficient regimes.  The distinction between the efficient and inefficient regimes arises from the change in the size of the pool of strategies present in the population, relative

to the total number of possible strategies. The size of the pool of strategies is sN.       The number of possible strategies is 2 2 m , which grows extremely rapidly with m. For example, for m = 2 there are 16 possible strategies, for m = 5 there are roughly 4 billion, and for m =10 there are more than 10 300 —far exceeding the number of elementary particles in the universe. In contrast, with s = 2 and N = 100, there are only 200 strategies actually present in the pool. For low m, when the space of strategies is well-covered, the conditional probability for a given transition is the same for all histories—there are no patterns of length m.  But when m is larger, so that the strategies are only sparsely filling the space of possibilities, patterns remain. We can interpret this as meaning that the market is efficient for small m and inefficient for large m.  The El Farol problem and minority game is a simple game with no solution that can satisfy everyone. This is analogous to a market where not everyone profits on any given trade. Studies of the minority game suggest that the long-term behavior is aperiodic: the aggregate behavior continues to fluctuate. In contrast to the standard view in economics, such fluctuations occur even in the absence of any new external information.

Appendix II:  The Dynamics of a Generalized Rock-Paper-Scissors Game

The generalized form of the game is:


A = 



    
B =  


Where –1 <  єx  < 1   and    -1 <  єy  <  1   are the payoffs when there is a tie.
 We have placed the columns in the order “rock”, “paper”, and “scissors”.  For example, reading down the first column of A, in the case that the opponent plays “rock”, we see that the payoff for using the pure strategy “rock” is єx, “paper” is 1, and “scissors” is –1.


The rock, paper scissors game exemplifies a fundamental and important class of games where no strategy is dominant and no pure Nash Equilibrium exists (any pure strategy is vulnerable to another).

Appendix III:  A Review of the Complexity Classes

“We summarize the intractability of recursive languages with measures of intractability called computational complexity.
  A schematic view of the inclusion of relationships of class P, RP, BPP, NP, PSPACE is shown”…(below)  “Most of these relationships are conjectures, but are strongly believed in the field of computational theory.  We give the following complexity classes:”

P:  The class of the languages accepted by polynomial time-bounded Turing machines.

NP:  The class of the languages accepted by polynomial time-bounded non-deterministic Turing machines.

PSPACE:  The class of the languages accepted by polynomial space-bounded Turing machines.

RP:  The class of the languages accepted by polynomial-time bounded Monte Carlo Turing machines.

BPP:  The class of the languages accepted by polynomial-time bounded Turing machines with bounded error.

We additionally give the following classes:
  

BQP:  The class of the languages accepted by polynomial-time bounded quantum Turing machines.

Nonlinear-P:  The class of the languages accepted by polynomial-time bounded switching map systems.
Appendix IV:  A Schematic View of Computational Classes
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Appendix V: Formal Proof of the Theorem that For any Turing machine M, there exists a switching map systems F(B0-1,B1,I) conjugate to map M via a map Ф.

PROOF:  This is done by constructing a map Ф from a Turing machine M with two symbols to a switching map system  F(B0-1,B1,I).  Turing machines M with N + 1 internal states are defined by a finite set of (q,sr,sw,γ, q′), where q,q( ε{0,…,N}represent the present/next internal state, 0, N correspond to a machine’s initial/halting state, sr,sw ε{0,1} correspond to symbols a machine reads/writes and γ ε{L,R} correspond to left/right head-moving.


Let symbols on tape be (a-i ).a0(ai ) (i ε N, ai ε{0,1}).  We represent them by x = 0 . a0(ai ) = ∑∞i=1a-i2-i  ε R, and y = 0 . (a-i ) = ∑∞i=1a-i2-i  ε R.  The branching functions, gn are simply denoted as follows:
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│ 
n0   x є [0, ½)
(a0 = 0)




(4)

gn(x) =


│





(n,n0,n1 ε{0,…,N})





│   n1   x є [½, 1)
(a0 = 1)









└

   

Ф is so constructed that it can map from any state transitions of Turing machine M to corresponding switching maps as follows:

(n,0,0,R,m): (n,x) ├→ (n′,B1(x)) ├→ (n′′ , B0-1 (x)) ├→ (m, B1 (x))

(n,0,1,R,m): (n,x) ├→ (m, B1 (x))

(n,1,0,R,m): (n,x) ├→ (m, B1 (x))

(n,1,1,R,m): (n,x) ├→ (n′,B1(x)) ├→ (n′′ , B0-1 (x)) ├→ (m, B1 (x))

(n,0,0,L,m): (n,x) ├→ (m, B0-1 (x))

(n,0,1,L,m): (n,x) ├→ (n′, B0-1 (x))├→ (n′′ , B1 (x)) ├→ (m, B0-1 (x))

(n,1,0,L,m): (n,x) ├→ (n′, B0-1 (x))├→ (n′′ , B1 (x)) ├→ (m, B0-1 (x))

(n,1,1,L,m): (n,x) ├→ (m, B0-1 (x))
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A corresponding initial state is given by (0, B0-1(x)) or (0, B1(x)), and the halting state is by (N,I,(x)).  Then we have a conjugate relationship via a map Φ which satisfies

 F(B0-1,B1,I) = Ф-1MΦ.
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		xi =xi [(Ay)i – xAY],    	(Equation 1)


		•		


yi = yi [(Bx)I –yBx]	(Equation 2)
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“Since in this case Aij  =  -Bji, it is known that the dynamics are Hamiltonian.  This is a stronger condition, as it implies the full dynamical structure of classical mechanics, with pairwise conjugate coordinates obeying Liouville’s theorem (which states that the area in phase space enclosed by each pair of conjugate coordinates is preserved).” 





There follows a complex transformation of  coordinates, giving the Hamiltonian of:





H =  –1/3 (u1 + u2 + v1 = v2) + log (1 + eu1 + eu2) (1 + ev1 + ev2) 


.


U = J(UH  where the Poisson structure J is given as:
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� Ibid. p. 4


� Ibid. p. 4


�  Ibid.,  The authors also note that “Many economists have noted the lack of any compelling account of how agents might learn to play a Nash Equilibrium.  Our results strongly reinforce this concern, in a game simple enough for children to play.  The fact that chaos can occur in learning such a simple game indicates that one should use caution in assuming that real people will learn to play a game according to a Nash Equilibrium strategy.” (p. 4)


� Ibid., No. 12, Fellman, P. and Post, J. “Towards an Analytical Framework for Competitive Intelligence” in Competitive Intelligence: A Game Theoretic Approach” (Forthcoming, 2003).


� Ibid. No. 12


�  Ibid., No. 3, Sato, Yuzuru, Makoto Taiji and Takashi Ikegami, “Computation with Switching Map Systems: Nonlinearity and Computational Complexity”, Santa Fe Institute Working Papers, 01-12-083, appearing in Journal of Universal Computer Science, Volume 6, No. 9, 2000.


�  Ibid.


�  Ibid.


�  Ibid.  In layman’s terms this means that switching maps in a very restricted form can emulate all the capabilities of familiar modern computing, but that relaxation of some of those constraints allows computational architectures which can successfully perform tasks which are intractable to classical computing.


� Ibid. p. 2  Readers who are unfamiliar this terminology should see the two appendices drawn from the Sato group’s article, Appendix III, “A Review of the Complexity Classes”, and Appendix IV, “A Schematic View of Computational Classes”.


� Ibid., No. 4, Christopher Moore, and Martin Nilsson, “Parallel Quantum Computation and Quantum Codes”, Santa Fe Institute Working Papers, 98-08-070, appearing in SIAM Journal on Computing, Volume  31, No. 3, 2001, pp. 799-815.


� Ibid. No. 3,  p. 4


� Ibid., pp. 4-6.  Mathematically, the authors demonstrate the ability of Baker’s mappings to emulate all the functions of a Turing machine.  Using Smale’s topological horseshoe to characterize a chaotic dynamical system, which they describe as an invertible planar map arising from a 3-dimensional autonomous differential equation or a forced oscillator, such as the Duffing equation.   They then note that the set of non-wandering points of the horseshoe map Λ forms a square Cantor set, in which each point corresponds to a sequence in {0,1}N .  With respect to mapping, the half (left or right) of the square to which the point belongs gives a rule of the “grey code”.  The action of the map induces a shift on a bi-infinite sequence of two symbols where āi denotes a bit-flipping which they elucidate as:





H0 :  ( → ( :   …a_2a_1.a0a1a2…├→  …a_2.a_1a0a1a2…    


				     __				       


H1:   ( → ( :   …a_2a_1.a0a1a2…├→  …a_2.a_1a0a1a2… 





H0-1:  ( → ( :  …a_2a_1.a0a1a2…├→  …a_2a_1a0.a1a2…


   


They then argue “that regarding the decimal point as the head of a Turing machine, these actions correspond to the elementary operations of Turing machines such as (1) left-shifting (H0  = H1H0-1H1); (2) right shifting (H0-1); (3) bit-flipping and left shifting (H1); (4) bit-flipping and right shifting (H0-1H1 H0-1).  Thus we can use suitable combinations of H0-1 and H1  to emulate arbitrary computing processes.  When a halting state is required, we can use an identity map I as the halting operation.


� Ibid., they note that the Baker’s map “is a measure-preserving map that conjugates to the shift on two symbols.   In this case, the left and right halves of a point’s sequence are simply the binary expansions of the unit space.  In practice, Turing machines with N internal states can be emulated by the following set of Baker’s mappings corresponding H0,H1, and H0-1 (p. 5):


		


			┌


			│ (2x, y/2) 		x є [0, ½)			(1)


B0(x,y) =		│


				│  (	2x –1, y+1 )		x є [½, 1)			


				└		      2





			┌


			│ (	2x, y+1 )		x є [0, ½)			(2)


B1(x,y) =		│		2


				│  (	2x –1, y/2 )		x є [½, 1)			


				└		   





			┌


			│ ( x/2, 2y)		y є [0, ½)			(3)


B0-1(x,y) =		│		


				│ ( x+1, 2y-1 )		y є [½, 1)			


				└  	 2











From which they derive the theorem: “For any Turing machine M, there exists a switching map systems F (B0-1,B1,I) conjugate to map M via a map Ф.” (p. 5)  For the formal proof of this theorem, see appendix V.


� Ibid. No. 3, p. 11


� Ibid. No. 3, pp. 11-12.


� Ibid. No. 3 (pp. 12-13):





The Hénon map T0 is given by T0 (x,y) = (a –x2 +by, x) where |b| ( 1and a are given as control parameters.  It conjugates to Smale’s horseshoe and its invariant set is hyperbolic if it has strong nonlinearity.  In practice, the range a  > (5 + 2(5)(1 + |b|2)/4 corresponds to the hyperbolic case.





T0(x,y) = (a  - x2 + by, x)						(5)





T1(x,y) = (a  - x2 + by, -x)						(6)





T0-1(x,y) = (y,(x  - a + y2 + by)/ b)					(7)





We introduce here the adjoint Hénon map T1 corresponding to H1 in Figure 1 (diagram omitted), and let the invariant sets of T0 and T1 be (0 and (1, respectively.  Turing machines can be emulated as the symbolic dynamics on the domain including (0 ∩ (1, using the Hénon mappings with a large value of a.  Lowering the control parameter a to the point where the first homoclinic tangency occurs, we observe that the map transits from a hyperbolic map to a non-hyperbolic one…This transition can easily break the conjugate relationship between the switching map system and Turing machines.  However, as we show in simple theorems below, it opens a whole new model of computation.  This is, it is thought that this property shows a potential transition from an ordinary Turing machine to a ‘nonlinear’ one.  We refer to nonlinear mappings like Hénon maps as nonlinear operations and computation processes based on them as nonlinear computation. [n. the invariant set associated with a Hénon map and that with an adjoint Hénon map can certainly have overlaps.  However, we have not examined whether the overlaps can embed any sequences, so that we do not have to constrain the computational ability of these switching map systems with Hénon maps.  This problem will be discussed elsewhere.  Most probably, we have to bound the computation time in accordance with the value of nonlinearlity a.  The lower the value, the more the time that certificates correct computation is bounded.  Apparently, the case of an infinitely large value of a coincides with the switching map systems with Smale’s horseshoe.  On the other hand, when we lower the parameter to have homoclinic tangency, the computation process corresponding to a Turing machine instantly breaks up.]


� Ibid., No. 3, p. 13


� Ibid., No. 3, p. 14


� Ibid., No. 3, p. 16


� Ibid., No. 3, p. 18


� Ibid., No. 3, p. 20


� Ibid.


� Ibid.


� Ibid. No. 3, pp. 22-23.


� See Physics Update, American Institute of Physics, Bulletin of Physics News, No. 310, march 6, 1997 for details on successful quantum computing experiments at Los Alamos, Harvard and MIT. 


� Ibid. No. 4, Christopher Moore, and Martin Nilsson, “Parallel Quantum Computation and Quantum Codes”, Santa Fe Institute Working Papers, 98-08-070, appearing in SIAM Journal on Computing, Volume  31, No. 3, 2001, pp. 799-815.


� Ibid. No. 5, “Path Integration on a Quantum Computer” by Joseph F. Traub and Henryk Wozniakowski, Santa Fe Institute, Working  Paper, 01-10-55.


� Ibid., No. 4, “Much of computational complexity theory has focused on the question of what problems can be solved in polynomial time. Shor’s quantum factoring algorithm suggests that quantum computers may be more powerful than classical computers in this regard, i.e., that QBP might be a larger class than P, or rather BP, the class of problems solvable in polynomial time by a classical probabilistic Turing machine with bounded error. (p.1)


� Ibid.


� Ibid.


� Ibid., p. 2


� Ibid. No. 5


� Ibid. No. 5, The general problem being computed assumes a linear algorithmic structure for the approximation of path integrals.  When Monte Carlo or Quasi Monte-Carlo are used to approximate a d-dimensional integral, the authors compute (p.4):


	    n


n-1 �PRIVATE���PRIVATE "TYPE=PICT;ALT=$\sum_{n = 0}^{\infty} \frac{1}{x^{n}}$"�∑ i=1 ƒ(xi),	where xi are d-dimensional vectors that are chosen randomly (for Monte Carlo) or deterministically (for Quasi-Monte Carlo).  In later sections of the paper these algorithms are used for approximating path integrals.  The authors employ linear algorithms primarily for their optimality properties.  Given that linear algorithms have the form :


 	 n


 �PRIVATE���PRIVATE "TYPE=PICT;ALT=$\sum_{n = 0}^{\infty} \frac{1}{x^{n}}$"�∑ i=1 aiƒ(xi) for coefficients ai that are sometimes, but not always equal to n-1 , then letting yi = aiƒ(xi)n


the authors with to compute for all applications:


			 n


Sn(y) = n-1 �PRIVATE���PRIVATE "TYPE=PICT;ALT=$\sum_{n = 0}^{\infty} \frac{1}{x^{n}}$"�∑ yi 	with the restriction to that  ‌ y‌  ≤ 1 for i = 1,2,…n


			i=1


In addition, the authors are generally concerned with cases where n is huge. Their primary challenge is to approximate Sn to within ε for ε  є (0, ½). The terms yi are not stored or computed in advance.  It is assumed that for any given index i, there is a subroutine that computes yi.  They also note that this assumption is typical for scientific problems, where as noted above, yi depends on the function value ƒ(xi). 





Compwor (n,є ), (The worst case complexity} is defined as the minimal number of operations needed to compute an є-approximation to Sn for all ‌ y‌  ≤ 1 using deterministic algorithms.  The randomized complexity, comprand (n,є ) is defined analogously when randomized algorithms are permitted.  Given these stipulations, the authors note that:





Compwor (n,є ) ≈ n (1-ε), and if n » ε-2   comprand (n,є ) ≈ ε-2


They follow this (pp. 5-6) with an exposition of the quantum algorithm Un which solves the summation problem in roughly ε-1 quantum queries, ε-1 log n quantum queries, utilizing log n qu bits.  After working through a rather rigorous definition of path integration (section 3) and the computational approach to path integration (section 4) the authors demonstrate the problem of path integration on a classical computer (section 5).  In section 6, where they perform path integration on a quantum computer, two theorems are developed, drawing in part on the work above.  The most interesting result (section 6) is that when the authors compare the cost (Un) of the quantum algorithm with the worst case of path integration. Not unlike the polynomial time mapping functions of the Sato group, Traub and Wozniakowski derive a theorem which shows that cost (Un) depends polynomially on ε-1 .  Since the worst case complexity is exponential in ε-1, the use of quantum summation breaks the intractability of the worst case setting.  This leads to four general conclusions (p. 15):


	• Path integration on a quantum computer is tractable.


• Path integration on a quantum computer can be solved roughly ε-1 times faster than on a classical computer using randomization, and exponentially faster than on a classical computer with worst case assurance.


• The number of quantum queries is the square root of the number of function values needed on a classical computer using randomization.


• the number of qubits is polynomial in ε-1 .  Furthermore, for the Wiener measure the degree is 2 for r =1, and 1 for r ≥ 2


(Section 7 is an Appendix devoted to an extended proof of Traub and Wozniakowski’s 2nd Theorem)
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� Ibid., Note 14,  The authors place these bounds on ε because when they are violated, the behavior under ties dominates, and this more closely resembles a “matching-pennies” type game with three strategies (and hence a different game model).
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� Ibid., No. 3, Taken from Yuzuru Sato, Makoto Taiji and Takashi Ikegami, “Computation with Switching Map Systems: Nonlinearity and Computational Complexity”, Santa Fe Institute Working Papers, 01-12-083, pp. 25-26.


� Ibid. The Santa Fe authors suggest that for further elaboration of this typology that the reader consult Papadimitriou, C., Computational Complexity, Addison Wesley, 1994.
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�  Ibid., “Note that the non-deterministic space complexity class NSPACE is the same as PSPACE.  The class RP and BPP are randomized computational classes as given…” (above)


� Ibid.  The authors note that “The following problem belongs to class RP and has not been proven to belong to class P:


Definition: Product Polynomial Equivalence (PPI):  Given two sets of the multi-variable rational coefficients polynomials on Q;


P = {P1,P2…Pn} .    Q = {Q1,Q2…Qn} •


Question:  ni =1Pi  ( mi =1Qi  ?


� Ibid.
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